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Abstract Waves in ideal dissociating gases are examined in the limit of large dissociation temperatures. Both
strong shock waves and weak finite-amplitude signalling problems are considered. The shock analysis is based on
the Freeman limit, and an extension to higher Mach numbers is given. Even small-amplitude near-field theories,
which are concerned with times comparable to the signal scale, can contain nonlinear exponential terms when
the dissociation temperature is large. A corresponding endothermic Clarke equation is derived and solutions are
determined in the Newtonian limit. Far-field theory, involving both convective and chemical nonlinearities, is also
discussed. Suitable high-frequency solutions are obtained, together with results for the evolution of the shock path
and the decay of the signal amplitude.
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1 Introduction

The concept of an ideal dissociating gas was introduced by Lighthill [1] who showed that in the equilibrium limit
the behavior of many dissociating gases was essentially controlled by two parameters: a characteristic dissociation
density p7,, and a characteristic dissociation temperature ®’,,. This observation was supplemented by a simple
model for the internal energy content. As observed by Freeman [2], addition of a suitable rate law enables the
approach to be extended in a straightforward manner to nonequilibrium flows. Use of the ideal model allows focus
to be placed on the principal features of a broad class of aerothermodynamic problems. Early applications were
discussed by Clarke and McChesney [3, Chap. 6] and by Vincenti and Kruger [4, Chap. VIII]. Characteristic dimen-
sionless values pp and ® p are usually large and result in finite levels of the atomic mass fraction. In this paper,
the analysis is concerned with wave propagation in an ideal dissociating gas when the dissociation temperature is
large. A description of this limit requires inclusion of exponential terms that are not present in either classical linear
theories nor in some standard far-field theories that incorporate convective nonlinearities.

Properties of the ideal dissociating gas arebriefly reviewed in Sect.2, where a simple extension is made with
respect to the internal energy model. Details of the equilibrium limit, the relevant high- and low-frequency sound
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speeds, and the characteristic form of the governing non-equilibrium equations are also given in Sect. 2. The high-
frequency sound speed corresponds to the frozen limit in which the dissociation mass fraction remains constant,
and the low-frequency sound speed is defined by thermodynamic equilibrium.

In part, the early paper by Freeman [2] was concerned with the structure of the dissociation region behind
strong shock waves, and an analysis was given for the limit in which there is a balance between the dissociation
energy and the kinetic energy. For this case, although the dissociation temperature is large compared with the
upstream temperature, it is not large compared with the temperature downstream of the shock. Nevertheless, the
corresponding dissociation density is still large compared with downstream levels. A discussion based on the latter
limit is presented in Sect.3 where a comparison is made with numerical results. It is shown that the value of the
Freeman parameter iy = %U '2/R®',, where U’ is the shock speed and R is the molecular gas constant, provides
a clear distinction between the controlling decay mechanisms associated with dissociation and recombination.

An excellent early treatment of relaxation effects in waves of finite amplitude was given by Lighthill [5], where a
discussion of the far-field balance between weak convective steepening and diffusive effects due to the rate process
was presented; these flows are controlled by Burgers’ equation. Simple linear near-field theory, which does not
include convective steepening or exponential nonlinearities associated with the chemistry, leads to a third-order
wave equation in which the high-frequency propagation speed is defined by the frozen limit, and the low-frequency
speed by the equilibrium value. Numerous studies of the properties of this equation are available in the literature; see
[3, Chap. 6; 4, Chap. VIII; 6]. At large dissociation temperatures, however, modifications of this linear equation are
required. A related analysis for the propagation of small disturbances in a combustible mixture at large activation
energies has been described by Clarke [7]. He showed that even in the near-field the low-frequency operator is now
applied to an exponentially nonlinear term and that the low-frequency wave speed corresponds to the isothermal
sound speed. By using a similar strategy for an ideal dissociating gas, at large dissociation temperatures, a result
corresponding to the Clarke equation can be obtained. Details are given in Sect.4. For combustion the process is
exothermic, but for dissociation the overall process is endothermic. This leads to an obvious sign difference between
the two equations; a compressive disturbance in the combustion case can lead to ignition, but for dissociation the
wave amplitude is weakened by heat loss.

Direct solutions of the Clarke equation, or its endothermic counterpart, do not seem to be possible. Numerical
investigations of the exothermic case can be found in [8] and in [9], where local structures based on coordinate
expansions were obtained. In the Newtonian limit, however, an analytical approach was developed by Blythe and
Crighton [10]. For this limit the two sound speeds are close together and considerable progress can be made. Related
approximations for relaxing gases, without the exponential nonlinearity, can be found in [11-13]. Use of this limit
is discussed in Sect.4 for the ideal dissociating gas. Even at large dissociation temperatures it is found that, as in
[11], part of the near field is now governed by the telegraph equation, and the relevant large time behavior of this
equation is described.

High-activation-energy far-field theories including convective nonlinearities have been outlined in [14,15]. A
corresponding analysis for the ideal dissociating gas is presented in Sect. 5 for a high-frequency limit in which both
convective and chemical nonlinearities are important. The solution of the resulting evolution equation is obtained
for a general input signal, and implications for shock formation and propagation, together with asymptotic decay
laws for the shock strength, are determined.

2 Thermodynamic model and conservation laws

The ideal dissociating-gas model was originally developed by Lighthill [1] for the equilibrium case and extended
to non-equilibrium situations by Freeman [2]. For the assumed chemistry,

Ay 2 A+A, 2.1)
the equilibrium atomic mass fraction o, is defined by
2 /
X Pp / ’
== —D,, /kT 2.2
1 —a, 0/ eXp ( en/ ) 2.2)
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where D/, is the dissociation energy, & is Boltzmann’s constant, 7" is the gas temperature, and o’ is the gas density.
In (2.2) p},(T") is a characteristic density which, for the ideal dissociating gas, is assumed constant; the variation
with temperature was discussed in [1]. In (2.2) it is also convenient to set

9 = Diy/ k. 23
where ©', is a characteristic dissociation temperature. When compared with standard atmospheric conditions
(Phems Taim)» dimensionless values are

Gas PDa = lO/D/pzlltm Opa = ®/D/Ta/tm

0, 12x10° 200
N, 12x10° 380

(Note that p;,, corresponds to the specific gas listed.) Typical equilibrium mass fractions are shown in Fig. 1.
In the general non-equilibrium case the atomic mass fraction must be determined through the rate law and
appropriate thermodynamic models. For the mixture of atoms and molecules, the state equation is

P =Ro'T (1+a) (2.4)
where p’ is the pressure, « is the actual atomic mass fraction, R = k/2m is the molecular gas constant, and m
is the atomic mass. Assuming that the translational and rotational modes are fully excited and in thermodynamic
equilibrium, the specific internal energy can be written for a dissociating diatomic gas as

5
e = (5 + %) RT + (1 —a) ey, + ROpa, (2.5)

where e/, is the vibrational energy contribution. For simplicity, Lighthill assumed that this internal mode was also
in thermodynamic equilibrium (the time scale for adjustment of the vibrational mode is typically much less than
that required to reach the equilibrium balance between dissociation and recombination), and that it could be treated
as half-excited with

1
e;lb = ERT/.
This leads to

¢ =3RT'+ ROpa.
At very elevated temperatures, a more realistic assumption may be that of full excitation with e/, = RT’, which
gives

7T o

e = (5 — E) RT + R@’Da.
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Here, for convenience, (2.5) is re-written as
1
e = —IRT/ + ROpa, (2.6)
y —

where, in general, the effective specific heat ratio y = y (T’ , oz). For the classical ideal dissociating gas y = 4/3.
The fully excited assumption also yields y = 4/3 fora =1,y = 17/14fore = 1/2,and y = 9/7 for ¢ = 0.
There is little difference among these values and, in the spirit of the ideal dissociating gas approximation, y is taken
as constant throughout this paper.

For either the frozen or the equilibrium limits, it is permissible to define the specific entropy s’ by

T'ds' =de’ + p'd(1/p'). 2.7)

When describing the evolution of disturbances in a dissociating gas, one can anticipate that two particular sound
speeds will be of interest. Specifically, these are the frozen sound speed defined by

/

a /
a?= L ={y+(y—1>a}%, 2.8)

=3

s',a
and the equilibrium sound speed given by

! 2y+3(y—Dae—(y—e] 172
1+2L 4+ e ,
CH —Doe (1—a2 02
- e . I;/ (2.9)

! = _ 2=a, | T2
S o= I+ {(y—l)aeu—ae)} o7

(see [4, p. 261]). Inspection of (2.9) indicates that, when @, > T,

2 __ apl
a, _8_/)/

a— |2 (2.10)
I
which corresponds to the isothermal frozen sound speed, i.e.,
a / /
ap = [ = |2 @2.11)
ap’ o
T«

As noted above, a description of the non-equilibrium process requires specification of a suitable rate law. Freeman
[2] adopted the model

dpa = Cp'T' " {(1 —a)yexp (—Op/T') — (0 /p}) oez} , (2.12)
where 9,/ denotes the one-dimensional convective operator

a 0
8,/ = W + M/W (213)

in which u’ is the gas velocity in the x’-direction and 'denotes time. Throughout the present paper the exponent n
in the rate equation is taken to be zero. The group

Cp' (1 —a)exp (—Op/T")
represents the dissociation rate, and
Co' (0'/pp) o

is the recombination rate. A balance between these rates leads to the equilibrium law (2.2).
For one-dimensional unsteady flow, conservation of mass, momentum, and energy requires that

8y p' + puy =0, 3y’ +p' " p =0, Bpe'+p'dy (p"71) =0, (2.14)
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where the subscript x” denotes differentiation with respect to x". The equations are re-expressed in dimensionless
form by introducing suitable reference quantities

Py b T = p/Rop. e, = p./p;, and u, =/p./p}. (2.15)
together with a time scale 7. defined by the applied signal. Dimensionless time and distance scales are
t=1/t, x=x"Ju.t], (2.16)

and the equations can be written in dimensionless characteristic form as

0+ p £ padiu = —bpBOpL2,

3 p —a’dp =—bpOpQ, (2.17)
o =Q=rp{(1 —)exp(—Op/T) — epar} .
Here

1 Jde/da

=— =@y —-D+a)—(T/Op),
20D de/ip (y =D +a)—(T/Op) .18

Op = Rp,Op/p;, €=p,/pp,  *»=C'pt,

and A is the dimensionless rate parameter. The characteristic operators in (2.17) are

a 0
0L = — +a)—. 2.19
+ =t wta) = (2.19)
Corresponding to (2.4), the dimensionless equation of state is
p=pT(+a). (2.20)

3 Shock structure
3.1 The Freeman limit

The non-equilibrium zone behind a strong shock wave in an ideal dissociating gas was examined by Freeman [2]
for the large-dissociation-energy limit. Specifically, Freeman considered the case when
m U/2

D¢,

UE = =0(), (3.1
where U’ is the shock speed. Numerical solutions were presented for various 1 pand inverse dissociation densities
. A similar limit is considered in this section where an analysis is given for the case up = O(1) with ¢ < 1.
Upstream of the shock front it is assumed that equilibrium conditions hold and, subject to (3.1), it follows that the
equilibrium mass fraction is exponentially small in this region and can be ignored. If the reference state (2.15) for
the dependent variables is defined by conditions in the upstream region, the relation (3.1) can be re-expressed as

_yM;
2®D’

WF (3.2)

where M is the shock Mach number based on the upstream frozen sound speed. Equivalently, ®p = O (M ]2)
Using the upstream state as the reference condition, the steady one-dimensional conservation relations reduce to

r 1

pu=yiM;, ptput=1+yM2, —L rope+u=-"12Lm2 (3.3)
—1p 2 y—1 2

where

P=y+(-Da G
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is the frozen specific heat ratio. By viewing ¢ = ®pa« as the heat extraction (see [16]), the usual Rayleigh-line
relation holds, i.e. using the first two relations in (3.3)

p—1=yM? (1 _p—l). (3.5)
Similarly, the Hugoniot relation connecting p, p, and g can be written
2940 =y +D/(y — 1)
= (T +D/T—=1)p!

From (3.2), (3.5), and (3.6), with ®p > 1, it follows that within the subsonic relaxation zone behind the strong
shock the leading approximations to the flow variables can be written

(3.6)

1+D r-on T r-D)yd+D>D

p=yMi 2 o == DO 3.7
F+1° o, F+1° yM; T+D°d+a)

where

D= \/1 + (%2 = 1) (a/up). (3.8)

Prior to evaluating the non-equilibrium solution, it is helpful to obtain the equilibrium solutions for various up at a
fixed value of ®p. These are displayed in Fig.2. Note that ;g is a monotonically increasing function of the shock
Mach number at fixed ®p. In Fig.2

T(e,) (I'=D)(1+D)

¢(ae) = ¢ = = (3.9)
¢ CToyM T T HD? (4 ) |y,
is a scaled temperature. The equilibrium solutions satisfy
o? 1
= —exp(—1/2upg.), (3.10)
1 —a, EPe

where p, is defined by (3.7) with @« = «,. Clearly, for ur > 2 the equilibrium state corresponds to complete
dissociation with «, & 1. For this limit, it is seen from (3.10) that

ae =1 —epe (1) exp (1/2ur¢. (1)) + O(e?). (3.1
The behavior of the temperature ¢, seems surprising, but it is readily established that
2(y -1 (r—D y2-vy) —2 -1

¢po > ——— asoe —> 0, and ¢, ~ 1— +0(8,/,L ) ase, up — 0.

S 41?2 ¢ 22 IAF F F
Both these results are consistent with Fig. 2.

The dimensionless form of the rate law for steady flow is

do 2

ug = 1p {(1 = @) exp (~1/2uk) — epa?} (3.12)

and the dimensionless dissociation rate

Ap (1 —a)exp (=1/2ur¢)

vanishes when either « — 1 or ¢ — 0. The distinction between these limits has important consequences for the
asymptotic analysis, and the results shown in Fig. 2 suggest that the former limit is the appropriate one for ug > 1.
Inspection of (3.7) indicates that ¢ = 0 occurs when D = I', which is equivalent to « = up. Because « increases
monotonically behind the shock wave (dissociation can be neglected upstream of the shock), it follows that

o = 1 would occur prior to ¢ = 0 for up > 1;

¢ = 0 would occur prior to o« = 1 for up < 1. (3.13)

Equilibrium, however, can be attained prior to either of these events.
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3.2 Freeman parameter ur > 1, large dissociation density e =! > 1

Here it is assumed that the rate parameter A and a factor y M 1 have been incorporated into the distance coordinate
X, whose origin is at the shock. As ¢ — 0, with ugp = O(1), the basic expansion for x = O(1) is
a=a)x)+ea; (x)+.... (3.14)
Using (3.12), with @ = 0 at x = 0, gives the first-order solution
%0 exp (1/21up¢ (s)) 0 A(s)
= — o ds = ——ds
o p)d—s) o (I—s)

where p(ag), ¢ (o) are defined by (3.7) with o = . With ug > 1, the limiting behavior as x — oo is associated
with @p — 1 and it can be established that

) (3.15)

oo~ 1 —kpexp(—wox) +---, (3.16)
where
LAGs) — Al
wo =1/A(1), ko =-exp(woKp), and Kjp :/ Mds. (3.17)
0 — S
Similarly, it can be established that
11— “% B
w = © s, (3.18)
Ao) Jo (1—ys)
where
_ 2.3 2
B () =a p’(a)A“ (). (3.19)
Straightforward calculations indicate that as x — oo (eg — 1)
B() + k B K B’ + fi ( )+ (3.20)
N —— —_ eX —_— N .
1 Al 0 Al WX — wo K0 Al 1 p (—wox
where
B(1) (A'(1) — A(1 1 "' B(s) = B(1) = B'(1) (s — 1
B 0 M) . / 6) =B - BME=D,y, 3.21)
A%(1) A Jo (I—1s)

Inspection of the exponentially small terms in (3.16) and (3.20) indicates that this expansion is not uniformly valid
when x = O(¢~1). This difficulty is easily removed by either a multiple scales approach or, more simply, by using
the PLK technique [17]. In this method the leading-order secular behavior is eliminated by replacing wg by w,
where to O (&)

w=wy(l—(B'()/A())e+---). (3.22)

If necessary, a suitable composite solution correct to O (¢) can be constructed from (3.15), (3.16), (3.18), (3.20)
and (3.22). This solution implies that the equilibrium value (x — 00) is

e =1—¢e(B(1)/A()) +---=1—e¢pe(l)exp (1/2ur¢, (1)) +-- -, (3.23)

in agreement with (3.11). If «so = ®eo 1S the limiting value of the mass fraction, then from (3.12) the exact value
for the inverse of the decay length is

g L (2o ((_ (92 3.24
- () (- (&) a28)

It is straightforward to show that (3.22) is consistent, up to termsO (&), with the exact result (3.24).

In Fig. 3 the asymptotic theory is compared with the exact numerical solution for e = 107>, up = 2. Employing
this value of u is a fairly severe test for the asymptotic limit (see discussion in Sect.3.3 below), but the agree-
ment is excellent. The final decay law predicted by the PLK value (3.22) gives w & 0.597, and the exact result is
Q=0.589...
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leading order solution, s =2
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3.3 Large dissociation density at finite ;uf

When ug = O (1) the final equilibrium value of the mass fraction is not necessarily close to unity. In this case the
theory given in Sect. 3.2, which is valid when the dominant decay is controlled by « — 1, is not valid. Technically,
the solution presented in Sect.3.2 requires that up be large, but as observed above the approach gives excellent
results even for up = 2.

In situations where a0 < 1 with ugp = O (1), it is convenient to rewrite the rate law as

dor _ 3 [M, (¢ — &) (3.25)

dx

1 —a,

where factors of A, y’% M ! have again been incorporated into the length scale x. This limit corresponds to the
numerical data presented in [2]. An example for ur = 1 is also shown in Fig. 3.

When ur < 1, the equilibrium mass fraction is exponentially small. Although suitable results can be obtained,
that case is not pursued here.

4 Unsteady wave propagation: near-field limits
4.1 Linear near-field theory

Before discussing the nonlinear near-field theory associated with ®p > 1 (see Sect.4.2), it is useful to outline
the fully linear theory. Reviews of linear near-field theories for reacting gases can be found in [3, pp. 182-201; 4,
pp- 254-281]. Similar near-field results have also been discussed by Chu [6] and by Moore and Gibson [11].
A corresponding equation for visco-elastic materials was derived in [18].

Small disturbance expansions of the form, where § is an amplitude parameter,

p=1+8p1(x,0) 4+, u=0du;(x,y)+--,
T=Ty+8T1 (x,t)+---, a=ay+dx;(x,t)+---, .1
etc.,

lead to a completely linear theory only if ®p§ < 1. In (4.1), Ty = (1 + oe())_land o is the initial background
(equilibrium) mass fraction. After some algebra it can be shown that for one-dimensional unsteady disturbances
the resulting wave equation is

3 (9*T  ,3%°T s 3T, 3T 0 “2)
—N = —ay—= — —d,—= | =0, .
ar \ a2 0 ax2 ar2 0 9x2
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which is the expected classical expression known to govern weak disturbances in a relaxing gas. Here ag is the
frozen sound speed in the background reference state, and a,q is the corresponding equilibrium sound speed. For
convenience, in (4.2) the time and distance scales (¢, x) have been replaced by

eap (2 — ap) Cved
l—ap cyf

(t, x) (4.3)

where c,r = (y — 1)~! is the frozen specific heat at constant volume, and
1 ap (1 —ap)

y —1 2 —

is the corresponding equilibrium value. From the results given in Sect. 2, the frozen sound speed

ap =y +(y—1Dap, 4.5)

but when ®p > 1 the equilibrium sound speed reduces to the isothermal value

aeo = 1. (4.6)

Cye) =

07 (1 + ap)? (4.4)

Properties of (4.2) have been discussed at length in the literature (see e.g. [3, pp. 182-201; 4, pp. 254-281]).

4.2 Nonlinear near-field theory

If the restriction ® p§ < 1 is removed, the small-disturbance results discussed above are no longer valid. The expo-
nential nonlinearity that occurs in the rate law must be retained. Related studies for exothermic reactions have been
given in the corresponding large activation energy limit with application to ignition/combustion problems [7]. When

§=20 (@Bl), the expansion (4.1) is replaced by

p=14+60,"0+a)2pi(x,04+--, p=1+60"A+a) 2o (x,0)+---,

T=T)+ @Bl A4+a) 2Ty (x, )+, u= ®B] A +a)2uy (x,0)+ ..., 4.7
a=a+(-DT"O71+a) Par(x )+,

where the factors (1 4+ ) > and (y — 1)~! have been inserted for later convenience. Note that now, because of

the term ® pa in the energy equation, the mass-fraction perturbation is O (852). For clarity, the disturbance is
taken to be generated by a small amplitude piston motion and the corresponding initial and boundary conditions are

pi=pi=T1=uyj=a=0 atr=0 inx >0, 4.8)
with
uy=f@& onx=0 fort>0. 4.9)

In this section a factor
Ay — 1) ade®% (1 4 ap)? (4.10)

is incorporated into the distance and time scales (x, ¢), and the signal scale is taken to be comparable to that defined
by (4.10). The piston is assumed to accelerate smoothly from rest with f(0) =0, f/(0) # 0.
From Sect. 2 and the expansion (4.7) the basic form of the governing equations can be written

a d 0 d
dpr | om o Bu | dp

— = U, R :O’
ot ox at ox
Ti+a=@—Dp. pi=ajpi— (1 +ao) e, 4.11)
ad
22 _eny,
at
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The corresponding evolution equation for the temperature is

3 (3°T1  ,3°T * 7Y\ g
Y ) L | 2T ) el 2, 4.12
8t(2%2 a08x2)_%(8ﬂ 8x2)e “412)

This should be contrasted with the basic linear result (4.2); in 4.12 the rate parameter A has been included in the time
and distance scales. It can be seen that the low-frequency speed takes the isothermal value, and that the low-frequency
wave operator acts on the exponential nonlinearity associated with the dissociation rate. Equations of this type have
been used to discuss the propagation of weak disturbances in exothermic reacting mixtures and are referred to as
Clarke equations [7]. In the exothermic case the sign of the low frequency term is changed and solutions possess
logarithmic singularities that correspond to thermal ignition [8,9]. As discussed below, the endothermic (heat loss)
form of the Clarke equation leads to a decay of the applied signal.

Other than numerical solutions, a direct analytical attack on (4.12) does not seem possible. Similar remarks apply
to the exothermic case, but progress has been made through employment of the Newtonian limit ¥ — 1 in which
the difference between the high- and low-frequency speeds is small [10]. An approach based on the assumption that
the sound speeds are close together was used by Moore and Gibson [11] to analyze the endothermic linear equation
(4.2). A Newtonian technique is used here to find the solution of (4.12), or more directly to solve the system (4.11).
An obvious criterion for the validity of the method is that

1>y —1>»0,. (4.13)

When (y — 1) = A < 1, inspection of (4.11) and the initial and boundary conditions (4.8) and (4.9) shows that
the leading approximation for the temperature perturbation is simply 77 = 0, and correspondingly a» = 0. These
results imply that the appropriate expansion with respect to A has the form

pi(x. 1) = pro(x. 1) + Apii(x,t) + -+, Ti(x, 1) = ATy (x, 1) + ATy (x, 1) + -+, ete. (4.14)
Consequently, in this limit the signalling problem is again linear. The characteristic form of (4.11) is

do+ (p1 £ aour) = — (1 + ap) (a2 /1),
with

B ad
o+ = 3 :l:aoa. (4.15)
In (4.15) and subsequent equations it is convenient to retain the full sound speed ag, rather than expand about unity.
From (4.11), (4.14), and (4.15) it can be seen that the flow field is described by the usual frozen high-frequency
relations

P10 = agpio = aouo = ao f (§) (4.16)
where

£=1t—x/a, 4.17)
and f(¢) is the applied signal, see (4.9). The leading-order thermal field is governed by

T T = 20— ) (4.18)
with

az1 = p10 — Th1. 4.19)

Corresponding solutions satisfying the initial conditions (4.8) are

§ §
T () =ay' /0 e f()ds, an(§) =ap" /0 e f(5)ds. (4.20)

(For the imposed signal f(r) =0, t <0.)
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Evaluation of higher-order terms in the expansion leads to

+ ap 1+ ap (I + o)

Uy = — 202 xT1 (&), pn=- a0 xTn(é)—TOlzl ),

1+ ag (1 4+ ap) (4.21)
pr1 = ———=—xT11 (§) + ——F—a21 (§).

2a0 ay

Similar results can be obtained for 72 (x, t) and w22 (x, t). In all cases secular terms of the form x¢ (£) are observed.
These suggest that the expansion fails for § = O (1) when ¢ (or x) = O (A‘l).
Suitable expansions of the form

p1:ﬁ0(17§)+"'ﬂ M1:ﬁ0(1,5)+"', TIZATI(T,S)‘F"', a2:A&1(t7€)+"' etC., (422)
are sought. Here
1
r:A( +§‘°)t, £=1—x/ag. (4.23)
2ag

(The factor in the definition of t is for later algebraic convenience.) Substitution in the characteristic equations
(4.15) again leads to the standard high-frequency relations

Po = agpo = agiio; (4.24)
but now, using the rate and state equations, it can be shown that
ar, - 1 dig  dido N
— 41 = ——, —:—aoT], — =T. (425)
& ap & At 9§
Hence u satisfies the telegraph equation
3o g . di
S ) (4.26)

dTdE  dT  dE
From (4.16), matching as T — 0 requires that g ~ f(&). It follows from (4.26) that (see [11])

3
iy = e*@“)% [ / I (2~/r (& — s)) et f(s)ds] ) (4.27)
0

For a pulse of width d, so that f(r) = 0, t > d, it can be established from (4.27) that when t > 1 and £ > d then

1
iig ~ A% (1 +0 (L)) exp (— (T4&) + 2@) , (4.28)

£1 VTE
where use has been made of the asymptotic behavior of the Bessel function /j. In (4.28) the amplitude

I
A= m /0 e’ f(s)ds. (4.29)
Equation (4.28) can be simplified further by observing that to leading order
E—E=r1, (4.30)
where
E=x—t

is the linearized low-frequency characteristic (at high dissociation temperatures the low-frequency equilibrium
sound speed reduces to the isothermal value). From (4.29) and (4.30), with & = o (1), it can be shown that

ip ~ At™2 exp (—52/41) , 431)
which, as could be anticipated, is a source solution of the diffusion equation centered on the equilibrium characteristic

leaving the origin.
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5 High-frequency far-field theory

The analysis described in Sect. 4 did not involve convective nonlinearities. Evolution of these disturbances over large
distances can lead to convective steepening of the wave form. Lighthill [5] discussed this effect for near-equilibrium
behaviors in a relaxing gas. Implicit in Lighthill’s analysis was the assumption that & p < 1. In this section a
description of the far-field solution is given for large dissociation energies when §®p = O(1). No assumption is
made concerning the magnitude of y — 1, but the effective rate parameter (see 4.10)

A=x(y —1)age®} (14 ap)? (5.1)

is taken to be O (@51), which is also the amplitude scale §; see (4.7). This provides a suitable distinguished
(high-frequency) limit. Nonlinear high-frequency analyses have been given for a relaxing gas at finite characteristic
temperatures in [12,13], and an early treatment of these problems for visco-elastic materials was presented in [19].
Results for exothermic reactions are described in [14, 15]. For the present endothermic case, the solution derived
below does not appear to have been previously obtained.

Subject to (5.1), the dominant approximation for the near field is still described by the standard frozen results

i =a2py (r0) = (a3/(r = D) Ty (6.0 = agur (6, 1) = ao fE)), en(x,1) =0, (5:2)
In (5.2) the factor A has not been incorporated into the time and distance scales, and
§1 =1 —x/ao (5.3)

is the linearized characteristic associated with the basic scales. Evaluation of higher-order terms using an expansion
in @B] reveals secular behaviors over a distance scale x = 0(@51) with & = O(1). Suitable far field expansions
are, with A = 0(@51),

p=1+05 PG )+, u=0,UE )+ a=1+0"A1ELm)+ -, (5:4)
with similar expansions for the density and temperature. In (5.4)

t =0pn. (5.5)
As in (5.2) it is found that

P1 =agUp,etc. and Uy ~ f (1) asn; — 0. (5.6)

The characteristic relation associated with the operator d; then leads to

aU; az +1 U1 A®p Uy

— > Ul—=-——5——|exp[ (¥ = DA +a)* — ) = 1]. (5.7)
an 2ay &1 2a0 (1 4+ ap) ao

Changing variables through

U (y = 1> (1 + @)’ AOp (y =1 (1 + @) A®p
V=@ -Dl+a)—, &= > £ =BE, n= 5 n,  (5.8)
aop ag (ao + 1) 2ap
reduces (5.7) to
A% v
——V—:—(ev—l). (5.9)
an 9§
By use of (5.8), the initial condition (5.6) becomes
V=F@E=@—-DU+a) ay f(E/B). (5.10)
A related equation has been deduced for the exothermic case by Blythe [14] and by Clarke [15].
Introduction of the characteristic coordinate 8 through
a
% =-V, (5.11)
an B
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and taking & = B at n = 0, enables the solution of (5.11) to be written in parametric form as

V= —log [1 e (1 - e—”ﬂ))] , (5.12)
and
£E=p+ /On log [1 — (1 — e—F<ﬁ>)]ds. (5.13)

Solutions of this type are not necessarily unique. The evolution of the sine pulse

2sint, 0<t<m,

0. t > (5.14)

F() = [
is shown in Fig. 4; clearly, the solution for n = 1 is no longer single-valued. Obtaining the appropriate single-valued
solution requires the insertion of suitable Rankine—Hugoniot shock waves. In general, difficulties with the solution
represented by (5.12) and (5.13) will arise when

d&/9Bl, = 0.
It can be shown that these points are defined by
FB _

e’ (5.15)

= F(B) _ eFB -1\’
efF ) exp( ) )

If both F and F’are initially positive, then (5.15) will yield solutions with n > 0 provided that
F'>F! (eF _ 1). (5.16)

If the smallest value of n occurs on the front, a shock will originate there with

F'(0) )

Fo =1 (5.17)

nos = log (
provided that F’ (0) > 1. For the example shown in Fig. 4, the shock will originate on the front at n = log2.

From the shock relations (in which the right hand sides in (3.3) are replaced by appropriate local values with
[a] = (0)) it can be established for the weak limit corresponding to (5.9) that the shock path is governed by

d&, l(v LV (5.18)
g~ 2 T '

Here V. and V_ denote the values at the shock on the characteristics 8+ and B_ that meet on either side of the
shock. In cases where the shock forms at the front, as in (5.13), the results (5.12), (5.13), and (5.18) can be used to

show that on the shock path

VAL P A (5.19)
g el — 1 ' '

where V is defined by (5.12) with n = ;. This equation is to be solved subject to

n=nmnos atp =0, (5.20)

and the parametric description of the shock path is completed by obtaining & (8) from (5.13) with 5 replaced by
ns. The shock path for the pulse (5.14) is shown in Fig. 5.

A suitable measure of the shock strength is the scaled velocity V immediately behind the shock, and this quantity
is displayed in Fig. 6 for the profile (5.14). As n — oo, the final decay is defined by

Vs ~ & —boo~ (1= F (Bo)) e, (5.21)

where £, and B, are the constant limiting values of £ and B, respectively.
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Fig. 5 Shock path for a sine pulse Fig. 6 Shock decay for a sine pulse

6 Concluding remarks

The simple ideal dissociating-gas model introduced by Lighthill [1] has proved to be an excellent tool for
investigating the basic structure of continuum non-equilibrium high-temperature gas flows. For the principal con-
stituents of air, nitrogen and oxygen, characteristic dissociation temperatures ® p and dissociation densities pp are
usually, in an appropriate dimensionless sense, large. Freeman [2] exploited the large dissociation-temperature limit
in describing shock structure at hypersonic speeds. In Sect. 3, these results were extended to larger values of the
Freeman parameter ug = y M 12 /2@ p, or equivalently, to larger values of the shock Mach number M.

Other early work that exploited ®p >> 1was concerned with expanding flows [20-22]. Although not discussed
here, these analyses examined supersonic nozzle flows in which the dissociation mass fraction freezes at some fixed
level well above the local equilibrium value «,. This strong departure from equilibrium can have a marked effect
on working section (test) conditions, and can lead to a significant loss of thrust in rocket engines. Judicious choices
of the dimensionless dissociation density and the rate parameter can generate frozen levels for which o« = O (1),
even though o, < 1, [22]. Two-dimensional numerical solutions for expansion corners have been obtained and the
general properties are known, (see e.g. [23]), but the detailed structure of these flows could be investigated based
on the large dissociation energy limit.

Most of the present paper has been concerned with wave propagation in an ideal dissociating gas when ®p > 1.
Again, parameter limits were considered in which the local mass fraction « = O (1), but now ¢, is also O (1). As
noted in Sect.4b, even when the wave amplitude is small, exponential nonlinearities associated with the chemistry
must be taken into account. In the near field, disturbances are governed by an endothermic Clarke equation [7].
A discussion of the solution of this equation was given for the Newtonian limit y — 1. In this limit, for which the
high- and low-frequency sound speeds are close together, it was shown that the large time asymptotic behavior is
equivalent to a diffusive source centered on a low-frequency characteristic. For the high-dissociation-temperature
limit, the equilibrium (low-frequency) sound speed reduces to the isothermal value (see Sect.2). In general, even for
small amplitude signals. convective nonlinearities can affect the far field behavior. A discussion of weakly nonlinear
signalling problems is given in Sect.5 for the distinguished limit when § = O (@51), where § is a dimensionless
measure of the signal amplitude. Only high-frequency signals are considered, i.e., the frequency of the applied
signal is large compared with the frequency defined by the effective relaxation time. The governing equation (5.9)
contains both convective and exponential nonlinearities, and the general solution is given in Sect. 5. An example is
presented there for the evolution of a compressive sine pulse, including the formation and evolution of a shock that
develops on the pulse front. Far-field behavior over a broader frequency range, in both expansive and compressive
flows, should be amenable to a large-dissociation-temperature analysis. For this limit, it would also be interesting to

@ Springer



Wave propagation at high dissociation temperatures 403

examine fully dispersed structures in which the diffusive effects of the rate process completely balance convective
steepening. A basic description of steady fully dispersed shock structure was presented by Lighthill [5].
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